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Phonons are well known to be the main mechanism for the coupling between bright and dark
excitons in nonmagnetic semiconductors. Here, we investigate diluted magnetic semiconductors
where this process is in direct competition with the scattering at localized magnetic impurities. To
this end, a recently developed quantum kinetic description of the exciton spin dynamics in diluted
magnetic semiconductor quantum wells is extended by the scattering with longitudinal acoustic
phonons. A strong phonon impact is found in the redistribution of exciton momenta on the exciton
parabola that becomes especially prominent for high temperatures and exciton distributions further
away from the exciton resonance which are optically dark. Despite their impact on the energetic
redistribution, acoustic phonons virtually do not affect the exciton spin dynamics as the exciton-
impurity interaction always dominates. Furthermore, it turns out that the exciton spin lifetime
increases by roughly one order of magnitude for nonequilibrium hot exciton distributions and, in
addition, pronounced quantum kinetic signatures in the exciton spin dynamics appearing after
resonant optical excitation are drastically reduced.
I. INTRODUCTION
Optical experiments on semiconductor nanostructures
often use integrated or time-resolved photoluminsecence
(PL) measurements to access physical quantities of inter-
est. In such measurements, the exact position of excitons
on the respective exciton parabola and, thus, their kinetic
energies directly influences the measured signal since only
excitons with nearly vanishing center-of-mass momenta
are optically active. Redistribution mechanisms of exci-
tons, i.e., processes that change the exciton kinetic en-
ergy, thus either indirectly affect the PL rise time or
can be directly probed by monitoring the longitudinal-
optical (LO) phonon-assisted PL1. In semiconductors,
one of the most important redistribution mechanisms is
the scattering with either longitudinal-acoustic (LA) or
LO phonons1–3 as it is nonelastic in nature so a signifi-
cant amount of kinetic energy can be exchanged between
the phonon and the carrier system. However, it was
also found that static disorder, e.g., due to impurities
or surface roughness, can have an impact on the exciton
distribution4,5. Furthermore, the redistribution of exci-
tons to higher kinetic energies can also have consequences
for the spin dynamics6,7.
Although one usually tries to avoid any impurities in
semiconductors in order to get as pure materials as possi-
ble, purposely doping semiconductors is a versatile tech-
nique to controllably alter intrinsic properties. In this
context, the material class of diluted magnetic semicon-
ductors (DMSs)8–11, where impurity ions with large mag-
netic moments such as manganese are incorporated in a
standard semiconductor lattice, displays rich physics in
many different aspects. For example, such a material
can act as a spin aligner for an electronic current in a
light-emitting diode12, excitonic transitions in DMSs can
be used for the purposes of spin-noise spectroscopy13,
and the material class is also promising for spintron-
ics applications14–17. The doping with magnetic ions
also introduces a carrier-impurity exchange scattering,
which often plays the dominant role in the carrier spin
dynamics9.
In DMSs, the majority of studies regarding the
ultrafast spin dynamics is conducted at very low
temperatures18–20, so phonon effects are often disre-
garded. However, when dealing with optical excitations
above the band gap where carriers can show effective
temperatures on the order of 104 K21 or when consid-
ering hot excitons which are prepared by above band-
gap excitation and subsequent femtosecond relaxation
via the emission of LO phonons1,22,23, phonon effects
evidently become important. Since LO phonon relax-
ation typically occurs on much faster timescales than LA
phonon relaxation, many theoretical works dealing with
the spin dynamics in DMSs focus primarily on the former
mechanism24–27. In contrast, in the case of resonantly
excited excitons, LO phonon emission is strongly sup-
pressed since excitons have nearly vanishing kinetic en-
ergies, thus making it impossible to emit an LO phonon
which carries an energy of about 30 meV27 since there
are no states available with lower energies. Furthermore,
at low enough temperatures below approximately 80 K,
LO phonon absorption processes are also absent and LA
phonons dominate28.
In general, DMSs are known to exhibit pronounced
many-body correlation effects29–31 which, when treated
beyond the usually employed Markov approximation,
lead to a significant reduction of the exciton spin-transfer
rate6 as well as an unexpected trend reversal in their de-
pendence on an external magnetic field7. However, these
findings have been obtained only at nearly vanishing tem-
peratures, completely neglecting the phonon scattering.
Apart from a derivation of the necessary equations in
the exciton representation for quantum well systems, this
work provides the foundation to study the dynamics of
excitons on a quantum kinetic level at elevated temper-
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2atures.
Here, we consider the subclass of II-VI DMS quan-
tum well nanostructures where the impurity ions are iso-
electronic, i.e., they do not lead to charge doping in the
system. As a first application, we focus on DMSs with-
out an external magnetic field and investigate the im-
pact of finite temperatures on the exciton distribution as
well as the temperature dependence of spin-transfer rates
while varying parameters such as the impurity content.
Since phonon emission processes are highly suppressed
for the narrow optically generated exciton distributions,
we also consider hot excitons where phonon emission is
especially expected to be much more effective. In all
cases, a particular focus is placed on the competition be-
tween the scattering of excitons at the localized impuri-
ties in DMSs compared with the phonon scattering. To
gain insights into the importance and the signatures of
non-Markovian effects, results of a standard Markovian
treatment of the exciton-impurity scattering coinciding
with Fermi’s golden rule are presented together with the
quantum kinetic approach, where correlations between
excitons and impurities are explicitly taken into account.
We find a pronounced phonon influence on the time-
resolved redistribution of the exciton momenta which can
already be seen for optically generated excitons and is
further enhanced for hot exciton distributions. Quanti-
tatively, this influence most strikingly manifests in a pro-
nounced increase of the kinetic energy per exciton when
phonons are accounted for. However, despite the strong
impact on the exciton occupation, the exciton spin dy-
namics shows little to no change with temperature, in-
dicating a clear dominance of the magnetic exchange in-
teraction. Our simulations also support the previously
obtained finding that quantum kinetic effects in the spin
dynamics are particularly pronounced for narrow car-
rier distributions close to sharp features in the density
of states32. Here, this statement is corroborated by the
observation that exciton spin-transfer rates for hot exci-
tons are well described by a Markovian theory, which is
in drastic contrast to resonantly excited excitons where
the Markovian description strongly overestimates the de-
cay. Nevertheless, quantum kinetic effects prevail in the
time-resolved redistribution of exciton momenta for both
excitation scenarios. It is also found that the hot excitons
display significantly longer spin lifetimes than resonantly
excited electron-hole pairs.
II. MODEL AND PHONON-INDUCED
DYNAMICS
In this section the Hamiltonian of our model is pre-
sented and discussed. Furthermore, we briefly discuss
the derivation of quantum kinetic equations and explic-
itly extend them by phonon rate equations.
A. Hamiltonian
In electron-hole representation, the Hamiltonian for
the description of the exciton spin dynamics in DMSs
including the influence of phonons reads (cf. Ref. 6)
H0 =
∑
lk
Elkc
†
lkclk +
∑
vk
Evkd
†
vkdvk, (1a)
HehC = −
∑
kk′q
Vq
∑
lv
c†lk′+qd
†
vk−qdvkclk′ , (1b)
Hlm = −
∑
lvk
(
E ·Mlvc†lkd†v−k +E ·Mvldv−kclk
)
,
(1c)
Hm =
Jsd
V
∑
Inn′
ll′kk′
Snn′ · sell′c†lkcl′k′ei(k
′−k)·RIPˆ Inn′
+
Jpd
V
∑
Inn′
vv′kk′
Snn′ · shvv′d†vkdv′k′ei(k
′−k)·RIPˆ Inn′ ,
(1d)
Hnm =
Je0
V
∑
Il
kk′
c†lkclk′e
i(k′−k)·RI
+
Jh0
V
∑
Iv
kk′
d†vkdvk′e
i(k′−k)·RI , (1e)
Hph =
∑
q
~ωphq b†qbq, (1f)
Hc-ph =
∑
qk
(
γeqc
†
k+qckbq + γ
e
q
∗c†kck+qb
†
q
+ γhqd
†
k+qdkbq + γ
h
q
∗
d†kdk+qb
†
q
)
. (1g)
The first part H0 contains the carrier kinetic energies
where the operator c†lk (clk) creates (annihilates) an elec-
tron in the lth conduction band with wave vector k and
d†vk (dvk) is the analogous operator for holes in the vth
valence band. The direct Coulomb interaction between
electrons and holes is given by HC with Vq =
e2
0q
, where
e is the elementary charge, 0 denotes the vacuum per-
mittivity, and  is the static dielectric constant. Note
that the direct Coulomb interaction is actually comprised
of three terms, namely the electron-electron, hole-hole,
and electron-hole interaction. However, since it turns
out that only the latter yields a finite contribution in
the equations of motion up to third order in the driv-
ing field33, we only write down the relevant electron-hole
scattering here. The light-matter coupling is given by
Hlm, where E denotes the electric field and Mlv is the
transition dipole.
In DMSs, the dominant contribution to the spin dy-
namics is typically given by the magnetic s-d and p-
d exchange interactions9 for conduction band electrons
and valence band holes, respectively, which are sub-
sumed in Hm. There, Jsd and Jpd are the respective
3coupling constants and V is the volume of the semi-
conductor. The indices of the coupling constants refer
to the interaction of s-like conduction-band electrons or
p-like holes in the valence band with the bound elec-
trons in the d shell of the magnetic impurities, respec-
tively. The vector of electron (hole) spin matrices is
given by sell′ = σll′ (s
h
vv′ = Jvv′) with the vector of
Pauli matrices σll′ and the vector of angular momen-
tum matrices Jvv′ , where v, v
′ ∈ {−3/2,−1/2, 1/2, 3/2}.
Pauli matrices are used since they provide a convenient
basis for the space spanned by the spin-up and spin-
down states for the conduction band. Concerning the
valence band, the angular momentum matrices are such
that the quantum numbers −3/2 and 3/2 correspond to
the heavy-hole (hh) states, whereas the quantum num-
bers −1/2 and 1/2 refer to the light-hole (lh) states. In
typical semiconductor quantum wells, confinement and
strain causes the hole states to split such that the lower-
energy states are comprised of heavy holes34. The im-
purity spin is decomposed into the vector of spin ma-
trices Snn′ with n, n
′ ∈ {−5/2,−3/2, ..., 5/2} and the
operator Pˆ Inn′ = |I, n〉〈I, n′|, where |I, n〉 is the nth spin
state of the Ith impurity atom and RI refers to its po-
sition in the lattice. Using this representation allows us
to straightforwardly discriminate between impurity op-
erators evaluated at the same site and at different sites,
which turns out to be crucial to obtain the correct scaling
behavior of the carrier-impurity spin exchange35. Due to
the local band-gap mismatch that is created upon doping
there also arises a nonmagnetic carrier-impurity interac-
tion Hnm, which we model as a contact-like interaction
similar to Hm with coupling constants J
e
0 and J
h
0 but
without involving spin flips36. Note that the magnetic
and nonmagnetic scattering contributions to the Hamil-
tonian given by Eqs. (1d) and (1e) do not conserve the
carrier momentum, as should be the case for DMSs with
few randomly oriented impurities.
In order to investigate the temperature dependence
of the exciton spin relaxation, the model developed in
Ref. 6 is extended to account for carrier-phonon scatter-
ing. The phonons are described by Hph with creation
(annihilation) operators b†q (bq) for phonons with energy
~ωphq , where q contains the phonon momentum as well
as the branch number. The interaction with electrons
(holes) is modeled by Hc-ph with the coupling constant
γeq (γ
h
q). We use bulk phonon modes due to the rela-
tively small change of the lattice constant with impurity
content for the small doping fractions typically found in
DMSs10 and limit the description to LA phonons, which
have been found to dominate exciton line widths in semi-
conductors below 80 K28. Furthermore, when focusing on
excitations below the band gap near the exciton ground
state, the polar piezoelectric scattering is reduced since
excitons are neutral quasiparticles and deformation po-
tential coupling dominates3. The corresponding coupling
constants thus read
γe,hq,qz =
√
q~
2ρV v
De,h (2)
for a semiconductor with density ρ, longitudinal sound
velocity v, and deformation potential constants De,h for
the conduction and the valence band, respectively. Since
we only consider excitons with small or even nearly van-
ishing center-of-mass momenta, a linear phonon disper-
sion ωphq = vq is assumed.
B. Phonon rate equations
Quantum kinetic equations for the exciton spin dy-
namics based on the Hamiltonian given by Eqs. (1a)-
(1e) have been derived in Ref. 6 in second order in
the laser field within the dynamics-controlled truncation
scheme33. Correlations between excitons and impurities
are kept as explicit dynamical variables by applying a cor-
relation expansion and the final equations are formulated
in the exciton basis, which is convenient to model exci-
tations below the band gap. Within this framework, the
exciton variables directly related to observables such as
the optical polarization or the exciton density are those
not involving impurity or phonon operators. They are
given by6,7
Y σ1x10 = 〈Yˆσ− 32x10〉, (3a)
Nσ1σ2x1K1 = 〈Yˆ
†
σ1− 32x1K1
Yˆσ2− 32x1K1〉, (3b)
where Yˆ †
σ− 32xK
(Yˆσ− 32xK) denotes the creation (annihila-
tion) operator for an exciton with quantum number x and
two-dimensional center-of-mass wave vector K. The spin
state of the electron is given by σ and the angular mo-
mentum quantum number for the holes is −3/2, reflect-
ing an optical excitation with σ− polarization. We focus
on semiconductors with a sufficiently large hh-lh splitting
such that only the electron-spin part of the exciton needs
to be considered. Neglecting the long-range electron-hole
exchange because of its much smaller interaction energy
compared with the magnetic scattering7, one obtains a
pinned hh spin state due to the energetic penalty of an
intermediate occupation of a lh state involved in a hh
spin flip37–40. All remaining impurity-assisted variables
are discussed in Appendix A and may be found in Ref. 6.
Note that, apart from the bright excitons with van-
ishing center-of-mass momenta and electrons in the spin-
up state, our theory also accounts for optically dark ex-
citons: First, we refer to excitons with wave numbers
K > 0 as dark excitons since they do not directly couple
to light and can therefore not recombine to emit a pho-
ton. Thus, momentum scattering from K ≈ 0 to K > 0
can convert bright excitons to dark excitons. Second,
excitons that consist of an electron with spin down are
optically dark even at K = 0 since their recombination is
4spin forbidden (as the hh angular momentum quantum
number is fixed to −3/2).
Neglecting cross terms between phonon- and impurity-
assisted variables, the phonon-induced contributions in
the Markov approximation to the equations of motion
can be written as
∂
∂t
|ph Y σ1x10 =−
∑
K
Λ0Kx1x1Θ
(
ωx1K − ωphK
)
Y σ1x10n
ph(ωx1K) = −ΓphY σ1x10 , (4a)
∂
∂t
|ph Nσ1σ2x1K1 =
∑
xK
ΛK1Kx1x
[
Θ
(
ωxK − ωx1K1 − ωphK−K1
)(
Nσ1σ2xK
(
1 + nph(ωxK − ωx1K1)
)−Nσ1σ2x1K1nph(ωxK − ωx1K1))
+ Θ
(
ωx1K1 − ωxK − ωphK1−K
)(
Nσ1σ2xK n
ph(ωx1K1 − ωxK)−Nσ1σ2x1K1
(
1 + nph(ωx1K1 − ωx1K)
))]
. (4b)
Since the exciton coherences Y σ1x10 are only driven at K =
0, the sum in Eq. (4a) only needs to be performed once
and yields an effective decay rate Γph which no longer
depends on K. The terms in Eq. (4b) can be classified in
terms of phonon emission and absorption processes de-
pending on whether they are proportional to 1+nph(∆ω)
or nph(∆ω), respectively, where nph denotes the thermal
phonon occupation given by 1/(exp (~∆ω/kBT )−1). En-
ergy conservation is ensured by the Heaviside step func-
tion Θ(∆ω) and ωxK = Ex + ~2K2/2M with the exci-
ton mass M is the exciton kinetic energy measured with
respect to the exciton ground state, i.e., where the nota-
tion is such that E1s = 0 and Ex > 0 for x 6= 1s. The
confinement of the excitons to the quantum well plane
is taken into account by projecting the coupling to the
LA phonons down to the energetically lowest well states.
Finally, the phonon matrix elements can be written as
ΛK1K2x1x2 =
PK1K2x1x2 (ωx1K1 − ωx2K2)2√
(ωx1K1 − ωx2K2)2 − v2(K1 −K2)2
×
∣∣∣∣f(1v√(ωx1K1 − ωx2K2)2 − v2(K1 −K2)2)
∣∣∣∣2 (5)
with
PK1K2x1x2 =
2pi
~ρv3V
(
D2eF
ηhK1K2
ηhx1x2
+D2hF
ηeK1K2
ηex1x2
+ 2DeDhF
ηeK1K2
−ηhx1x2
)
. (6)
Here, infinitely high quantum well barriers are assumed
so the phonon form factor becomes
f(qz) =
sin
(
qd
2
)
qd
2
[
1−
( qd
2pi
)2]−1
. (7)
An explicit expression for the exciton form factors
F η2K1K2η1x1x2 can be found together with the full quantum ki-
netic equations of motion for the exciton ground state in
Appendix A. Regarding the scattering with the magnetic
ions we focus on the low carrier-density regime compared
with the density of impurities, which allows us to describe
the impurity spin density matrix by its thermal equilib-
rium value using the phonon temperature throughout the
dynamics41.
It should be noted that it is important to first trans-
form the equations of motion due to the carrier-phonon
coupling into the exciton basis before the Markov ap-
proximation is applied. This is because, in the Markov
approximation, one actively selects the final states which
are occupied in the long-time limit since the correspond-
ing energies directly end up in the energy-conserving
delta functions (cf. Appendix in Ref. 3). Thus, when
below band-gap excitations are considered so excitons
rather than quasi-free carriers are excited, a transforma-
tion to the exciton basis before introducing the Markov
approximation ensures that the correct correlated pair
energies appear in Eqs. (4).
Finally, in order to identify quantum kinetic signatures
in the exciton dynamics, we also discuss the Markov limit
of the exciton-impurity scattering6. In this approxima-
tion, all quantum kinetic effects are removed and only
Markovian scattering processes without any memory re-
main. The corresponding equations can be found in Ap-
pendix B.
III. RESONANT EXCITATION
In the following, the phonon impact on the exciton
dynamics is investigated numerically for Zn1−xMnxSe
quantum wells. Special emphasis is put on a comparison
of results where all scattering mechanisms are treated
as Markovian processes without memory and calcula-
tions where the Markov approximation is only employed
for the phonon scattering, but the exciton-impurity ex-
change interaction is accounted for on a quantum kinetic
level so many-body effects beyond a Markovian theory
are captured. Although quantum kinetic effects have
also been studied for the carrier-phonon interaction in
semiconductor nanostructures, most studies have been
performed for LO phonons and the resulting carrier dy-
5namics is typically found to be close to the results of a
rate-equation approach24–26. An indicator for the impor-
tance of quantum kinetic effects is the amount of corre-
lation energy in the system, which is negligible for LA
phonons compared with the exciton-impurity correlation
energy31. Furthermore, while a treatment beyond the
Markov limit is required to capture an energetic redistri-
bution of excitons due to the exchange interaction, the
scattering with phonons involves such a redistribution
already on the Markov level. All in all, it follows that
a quantum kinetic treatment is more important for the
exciton-impurity interaction than for the exciton-phonon
scattering, so a purely Markovian description of the latter
can be expected to suffice.
A. Occupation of the exciton parabola
To find out to what extent phonons can be expected to
impact the dynamics of excitons, we perform simulations
for a 15-nm-wide Zn1−xMnxSe quantum well under res-
onant optical excitation of the 1s-hh exciton. Except for
studies where the doping concentration is varied explic-
itly, we focus on samples with x = 2.5%. To minimize
the impact of the laser, the pulse length is chosen to be
100 fs and is thus short compared with typical timescales
of the dynamics6,7,19,35,42–44. The remaining relevant pa-
rameters used for the numerical simulations are collected
in Table I.
parameter value for Zn1−xMnxSe
a (nm)10 0.567
me/m0
45,46 0.15
mhh/m0
45,46 0.8
Jsd (meV nm
3)10 −12
Jpd (meV nm
3)10 50
Je0 (meV nm
3)6 22
Jh0 (meV nm
3)6 0
47 9
De (eV)
48 −7.4
Dh (eV)
48 −0.7
ρ (g cm−3)49 5.28
v (km s−1)49 4.21
TABLE I. Selected material parameters of Zn1−xMnxSe. The
cubic lattice constant is denoted by a and m0 is the free elec-
tron mass.
It is well-known that the redistribution of exciton ki-
netic energies due to phonon scattering leaves a fin-
gerprint in time-resolved studies of the occupation on
the 1s exciton parabola, which is also accessible in
experiments1,2,5. To investigate this impact, Fig. 1 shows
the time- and energy-resolved occupation of the exciton
ground state obtained by the quantum kinetic calculation
with and without phonons as well as its Markov limit.
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FIG. 1. Time- and energy-resolved occupation of the 1s exci-
ton parabola obtained by the quantum kinetic theory (QKT)
without accounting for phonons [(a)-(c)], the quantum ki-
netic theory including LA phonon scattering [(d)-(f)], and
the Markovian theory applied to all scattering processes [MT,
(g)-(i)]. Apart from the occupation, we also show the time
evolution of the kinetic energy per exciton Ekin for each case
(dashed line). Results are shown for three different tempera-
tures T as indicated in the figure.
Using the Markov approximation strictly enforces en-
ergy conservation where, however, interaction energies
are completely disregarded. This implies that the
exciton-impurity scattering in the Markov approximation
is unable to change the kinetic energy of excitons since it
is a completely elastic process. This can be directly seen
in Eq. (B1), where the frequency of an exciton remains
unchanged during the spin-flip process. Thus, any finite
occupation of exciton kinetic energies in the Markovian
theory seen in the bottom row of Fig. 1 is purely due to
phonons. The phonon influence increases with increasing
temperature because phonon emission is prohibited for
optically generated excitons so phonon absorption pro-
cesses are required to affect the exciton occupation. Fig-
ure 1 also reveals that not only are higher kinetic energies
reached at elevated temperatures, the scattering also be-
comes noticeably faster. While for 10 K only states below
2 meV are occupied after more than 100 ps, at 80 K ex-
citon kinetic energies exceed 4 meV after approximately
50 ps.
Previous works have shown that, when treating the
exciton-impurity scattering on a quantum kinetic level,
6one obtains a significant redistribution of exciton ki-
netic energies which is accompanied by a build-up of a
many-body correlation energy6,7,31,50. In the top row
of Fig. 1, where the interaction with phonons is com-
pletely switched off so only the exchange interaction re-
mains, this manifests in an occupation of exciton states
with high kinetic energies up to 4 meV and above. Note
that the higher-energy states are not uniformly occupied;
rather, a typical pattern appears which is caused by the
memory kernel due to the exciton-impurity interaction.
Since this memory kernel is proportional to sin(ωt)ω , it
is large for short times and small energies and shows a
damped oscillation for larger times6. This is a manifesta-
tion of the energy-time uncertainty which allows the vi-
olation of strict single-particle energy conservation rules
on short timescales. Here, this effect is combined with a
relaxation of the system to a new energy eigenstate that
forms as a result of the interaction between excitons and
impurities when correlations between them are accounted
for. This is why elevated exciton kinetic energies remain
occupied even in the long-time limit.
Comparing the top row in Fig. 1 with the bottom row,
it becomes clear that the quantum kinetic redistribu-
tion is much stronger as well as faster than the phonon-
induced scattering, which can be seen from the fact that
after only a few picoseconds energies up to 4 meV and
above are occupied even at a low temperature of 10 K.
However, when comparing the quantum kinetic calcula-
tions for different temperatures, one can still clearly see
the phonon influence by looking at excitons at very low
energies. There, the occupation visibly decreases with
time just like in the Markovian case, suggesting that
phonons cause a smoothing out of the overall exciton
occupation, which is still peaked near E = 0 in the quan-
tum kinetic case at 10 K. All in all, phonons thus cause a
more efficient coupling of excitons with vanishing center-
of-mass motion towards the optically dark states away
from K = 0, especially at elevated temperatures.
The phonon influence on the exciton occupation can
also be studied on a more quantitative level by looking
at the kinetic energy per exciton, which is indicated in
Fig. 1 by a dashed line. As mentioned before, when
the scattering of excitons with impurities is described
on the Markovian level, there is no way for excitons to
change their kinetic energy after the optical pulse ex-
cept via the emission or absorption of phonons. Thus,
the increase of the kinetic energy per exciton observed
in Figs. 1(g)-(i) is exclusively due to phonon scattering
and consistently increases with rising temperature. To
be specific, phonon absorption processes cause the exci-
tons to reach energies in excess of 2 meV on the order
of 100 ps at 80 K. The kinetic energy per exciton also
directly reflects the many-body correlation energy per
exciton that is built up after the optical excitation due
to the non-Markovian nature of the exciton-impurity ex-
change interaction6. From Figs. 1(a)-(c), a kinetic energy
per exciton of about 1.5 meV can be determined for the
parameters considered here, which is significantly larger
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FIG. 2. Exciton spin-transfer rate as a function of tempera-
ture obtained by the Markovian theory (MT) and the quan-
tum kinetic theory (QKT) after resonant excitation of the
1s exciton. We compare simulations with and without (w/o)
phonons. The inset depicts the diagonal of the exciton form
factor F
ηhωω
ηh1s1s
appearing in Fermi’s golden rule as a function
of energy E = ~ω.
than the phonon contribution for low temperatures and
only becomes smaller than the phonon-induced kinetic
energy at temperatures exceeding a few 10 K. As dis-
cussed previously in terms of the redistribution of exci-
tons towards the optically dark states, the phonon im-
pact is also clearly visible in the increase of the kinetic
energy per exciton in Figs. 1(d)-(f). At a temperature
of 80 K, the combined influence of the many-body corre-
lations and the phonon scattering even cause energies in
excess of 3 meV.
B. Exciton spin-transfer rates
Although phonons do not introduce spin-flip transi-
tions, at least not without some type of spin-orbit cou-
pling, they do cause a significant change in the kinetic
energy of excitons by either phonon absorption or emis-
sion processes. Thus, it is an interesting question to ask
whether these processes also affect the spin dynamics of
excitons in DMSs, for which the magnetic exchange in-
teraction is commonly regarded as the most important
process9. As a measure for the spin dynamics, Fig. 2
shows the spin-transfer rate for the exciton-bound elec-
tron as a function of temperature. Since the spin dynam-
ics is nonexponential in general6,7, the rate is extracted
as the inverse time that it takes the spin to decay to 1e
of its maximum value after the optical pulse.
Focusing first on the results when the exciton-impurity
scattering is treated as a Markovian process, we find
that phonons cause a slowdown of the spin-transfer rate,
which becomes more significant with rising temperature.
Whereas the phonon influence is completely negligible
for temperatures below 4 K, at a temperature of 80 K
7phonons cause a change in the rate of approximately
5 %. This behavior is directly connected to the redis-
tribution of exciton momenta caused by the interaction
with LA phonons. Remembering that we are consider-
ing optically created excitons with quasivanishing wave
vector, it is clear that phonons have almost no impact
on the spin dynamics for very low temperatures since,
in this case, phonon absorption processes are highly sup-
pressed. Such processes are, however, required to change
the exciton kinetic energy, as phonon emission is pro-
hibited for optically created excitons because there are
no states available with lower energies to scatter to. As
the temperature increases, phonon absorption processes
become increasingly probable. Since the exciton-phonon
interaction is spin conserving and phonon emission is sup-
pressed, the scattering of an exciton by a phonon thus
increases its kinetic energy on average.
The observed slowdown of the spin-transfer rate with
increasing temperature in Fig. 2 for the Markov approx-
imation is directly related to the previously introduced
exciton form factor F ηhK1K2ηh1s1s , whose diagonal is one for
K = 0 and quickly decreases for larger center-of-mass
momenta, i.e., larger kinetic energies6,39. Since the exci-
ton form factor enters the rate obtained in Fermi’s golden
rule [cf. also Eq. (B1)] which, for an exciton with kinetic
energy ~ω, is given by6
τ−1ω =
35
12
NMnIJ
2
sdM
~3dV
F ηhωωηh1s1s, (8)
the rate becomes smaller when the form factor is evalu-
ated at larger energies. In the above notation, the center-
of-mass momentum of an exciton is connected with its
frequency via the usual relation ω = ~K
2
2M . The decrease
of the diagonal elements of the exciton form factor are
shown in the inset in Fig. 2. Thus, the increasing in-
fluence of phonons on the Markovian spin-transfer rate
with rising temperature follows from the increase of the
kinetic energy per exciton observed in Figs. 1(g)-(i). On
the other hand, when the quantum kinetic theory is used
to calculate the rates, the phonon influence is more or less
absent since there is already a significant kinetic energy
per exciton even without phonons [cf. Figs. 1(a)-(c)].
Turning to the quantum kinetic results in Fig. 2, one
first of all notices a generally lower spin-transfer rate
compared with the Markovian results, an effect which is
due to the abrupt disappearance of the density of states
at the onset of the exciton parabola, which effectively
cuts off the memory kernel appearing in the quantum
kinetic treatment of the exciton-impurity interaction6,7.
Concerning the phonon influence, however, the spin-
transfer rate is entirely dominated by the exchange in-
teraction and remains constant over the whole temper-
ature range considered here. Surprisingly, even though
phonons increase the redistribution of excitons towards
optically dark states, their effect on the spin dynamics
is marginal. It should be noted here that this behavior
is expected to change drastically when optical phonon
scattering becomes important, which is either at higher
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FIG. 3. Exciton spin-transfer rate as a function of Mn dop-
ing fraction obtained by the Markovian theory (MT) and the
quantum kinetic theory (QKT) after resonant excitation of
the 1s exciton. The simulations are performed for two differ-
ent temperatures T .
temperatures or when looking at hot excitons with ki-
netic energies above the LO phonon threshold1,3,22,23,51.
The observation that the exchange scattering domi-
nates over the phonon scattering remains valid also for
lower doping fractions, as can be seen in Fig. 3 where the
spin-transfer rate in the Markov approximation and us-
ing the quantum kinetic theory is depicted as a function
of the impurity concentration for two different temper-
atures. Again, when the exciton-impurity scattering is
treated as a Markovian process, a slight phonon influ-
ence is visible when going from 2 K to 20 K. In contrast,
the quantum kinetic result remains virtually unaffected
by the increase in temperature.
IV. HOT EXCITONS
Having discussed the phonon impact on resonantly ex-
cited excitons, we now turn to an initially nonequilibrium
exciton distribution, also referred to as hot excitons, that
can be generated, e.g., by optical excitation above the
band gap and subsequent formation of excitons on the
1s parabola via fast LO phonon emission1. Apart from
the resulting exciton spin-transfer rates, the dynamics of
the exciton distribution is also investigated.
A. Time evolution of the exciton distribution
Since for the case of resonant optical excitation the
phonon impact is most clearly visible in the time evolu-
tion of the exciton distribution, it is interesting to ask
the question whether this is also true for hot excitons.
As in the previous section, we focus on a 15-nm-wide
Zn1−xMnxSe DMS quantum well at varying tempera-
tures and consider a Mn content of x = 2.5% if the doping
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FIG. 4. Snapshots of the dynamics of the 1s exciton distribu-
tion of hot excitons. The simulations show results using (a)
the quantum kinetic theory (QKT) with phonons at 4 K and
(b) at 80 K as well as results obtained by (c) the Markovian
theory (MT) with phonons at 4 K and (d) at 80 K, respec-
tively.
concentration is not varied explicitly. However, instead of
modeling a resonant optical excitation of the 1s exciton,
we instead consider an initially hot exciton distribution
far away from K = 0 as created, e.g., by LO phonon
emission after above band-gap excitation1,22,23. For the
numerical simulations, we assume a Gaussian distribu-
tion on the 1s exciton parabola centered at an energy of
10 meV with a standard deviation of 1 meV, which trans-
lates to a distribution with a FWHM of roughly 2.5 meV
similar to what has been observed in experiments1. The
remaining parameters are the same as in Table I.
Figure 4 displays several snapshots of the exciton dis-
tribution for two different temperatures as calculated by
either the quantum kinetic or the Markovian theory. Fo-
cusing first of all on the Markovian results in Figs. 4(c)
and 4(d), the phonon influence clearly causes a broaden-
ing of the exciton distribution which becomes stronger at
elevated temperatures. The asymmetry between phonon
absorption and emission processes also affects the distri-
butions since, for T = 4 K, only a broadening towards the
low-energy side is observed while for 80 K there is also a
significant broadening on the high-energy side. This is
because, while phonon emission processes already occur
even at very low temperatures, phonon absorption pro-
cesses are proportional to the number of thermally ex-
cited phonons and therefore only become important at
higher temperatures.
Turning to the quantum kinetic results in Fig. 4(a)
and Fig. 4(b), it becomes clear that the redistribution is
greatly enhanced due to the correlation energy already
at very low temperatures, similar to what has been ob-
served for resonantly excited excitons. Furthermore, a
slight shift of the maximum of the exciton distribution
towards lower energies is found, which is almost com-
pletely absent in the Markovian simulations. Figure 4(b)
also shows a sizable exciton occupation of bright states
near E = 0 already before 100 ps in contrast to the simu-
lation for low temperatures in Fig. 4(a). Comparing the
two figures in question with the respective Markovian re-
sults, it becomes clear that a purely Markovian theory
significantly underestimates the population of bright ex-
citon states.
B. Exciton spin-transfer rates
Looking at the spin-transfer rate of hot excitons as a
function of temperature depicted in Fig. 5, the most strik-
ing feature is that the spin relaxation is slowed down by
an order of magnitude compared with the case of res-
onant optical excitation (cf. Fig. 2). As discussed al-
ready in Sec. IV B, this slowdown is directly related to
the decrease of the exciton form factor for larger energies.
Even though the hot exciton distribution is quite broad
and thus covers a range of kinetic energies, the reduction
of the form factor fits very well to the observed reduc-
tion of the rate. For the Markovian calculation without
phonons, the rate after resonant optical excitation is ap-
proximately τ−1res ≈ 0.417 ps−1 whereas for hot excitons
it is given by τ−1hot ≈ 0.083 ps−1, which yields a ratio of
about 0.2. For the parameters considered here, the ex-
citon form factor is also reduced to approximately 0.2
when evaluated at an energy of 10 meV, thus quantita-
tively explaining the drastic reduction of the spin-transfer
rate. Since shorter decay rates translate to longer spin
lifetimes, this effect can potentially be utilized to protect
any information encoded in the exciton spin degree of
freedom.
Apart from this striking quantitative difference with
respect to the case of resonant optical excitation, the re-
sults from the quantum kinetic theory are much closer
to those obtained by the Markovian theory for hot ex-
citons. Note the change in units from picoseconds in
Fig. 2 to nanoseconds in Fig. 5. This points to a drastic
reduction of quantum kinetic effects on the spin dynam-
ics for hot excitons, a finding which is expected since
previous works have shown quantum kinetic effects to be
particularly strong near sharp features in the density of
states6,32. The broad distribution of the hot excitons,
which is a few meV away from the center of the exciton
parabola where the constant density of states is abruptly
cut off, thus largely inhibits pronounced non-Markovian
features in the spin dynamics so a Markovian approach
yields very similar decay rates.
Turning finally to the phonon influence on the spin
dynamics, Fig. 5 reveals a similar behavior as already
found for resonant excitation in Fig. 2, namely that
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FIG. 5. Exciton spin-transfer rate as a function of tempera-
ture obtained by the Markovian theory (MT) and the quan-
tum kinetic theory (QKT) assuming an initially hot exciton
distribution. We compare simulations with and without (w/o)
phonons.
phonons only marginally influence the spin dynamics
overall. Thus, even though the impact of phonons on
the dynamics of the exciton occupation is even stronger
for hot excitons, the spin dynamics is once more domi-
nated by the exchange interaction. However, compared
with Fig. 2, here phonons are found to slightly increase
the spin-transfer rate in the quantum kinetic as well
as the Markovian simulation. In addition, instead of a
slowdown of the rate, even without phonons the quan-
tum kinetic theory predicts a slightly larger spin-transfer
rate compared with the Markovian results in the case of
hot excitons. It can be argued that these two observa-
tions rely on a similar mechanism which, however, stems
from completely different physical processes. Including
phonons in the model evidently allows for a scattering of
excitons towards lower energies which becomes stronger
with higher temperatures. The resulting decrease of the
kinetic energy of the scattered part of the exciton distri-
bution then causes the spin-transfer rate to be evaluated
at lower energies, where the exciton form factor is larger,
which causes an increased spin-transfer rate. Since the
quantum kinetic theory also predicts a strong redistri-
bution of carrier momenta due to the correlation energy
(cf. Fig. 1), the quantum kinetic rate is expected to in-
crease for the same reason. The strong phonon impact
on the exciton distribution found for the quantum ki-
netic simulations in Fig. 4 directly translates to the more
pronounced phonon impact in the quantum kinetic sim-
ulations in Fig. 5.
Regarding the dependence of the spin-transfer rate on
the doping fraction as plotted in Fig. 6, we find only
a small quantitative difference between the quantum ki-
netic and the Markovian theory for small doping fractions
which becomes smaller with increasing impurity content.
Similar to the case of resonant excitation, the phonon
influence is again almost completely negligible for hot
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FIG. 6. Exciton spin-transfer rate as a function of Mn dop-
ing fraction obtained by the Markovian theory (MT) and the
quantum kinetic theory (QKT) assuming an initially hot ex-
citon distribution. The simulations are performed for two
different temperatures T .
excitons on the scale of the figure. However, compar-
ing Fig. 6 to the the case of resonant optical excitation
in Fig. 3 and noting the change in units, we find much
slower rates in accordance with the exciton form factor.
V. CONCLUSION
We have investigated the phonon impact on the exci-
ton dynamics in DMSs. To this end, we have extended a
quantum kinetic description of the exciton spin dynam-
ics in DMS quantum wells by accounting for the scatter-
ing with LA phonons on the Markov level. The derived
equations open up the possibility to also study dynamical
processes at elevated temperatures below the LO phonon
threshold. Numerical calculations without an external
magnetic field show a pronounced impact of LA phonons
on the distribution of resonantly excited excitons on the
1s parabola, revealing that they introduce a significant
occupation of states with higher kinetic energies in ad-
dition to the redistribution caused by quantum many-
body effects due to the scattering of excitons with the
localized impurities in DMSs. In contrast to the inelas-
tic phonon scattering, which always induces transitions
to states with different energies, the exciton-impurity ex-
change interaction is an elastic process and is therefore
single-particle energy conserving when it is treated as a
Markovian process. Although a phonon impact on the
time- and energy-resolved exction distribution can also
be seen using the quantum kinetic theory, it is found that
the quantum kinetic redistribution enabled by a many-
body correlation energy is the dominant process.
Considering a broad initial distribution of hot excitons
as, e.g., generated by above band-gap excitation and sub-
sequent LO phonon emission, reveals a more prominent
role of LA phonon emission since states with lower energy
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become available. For these situations, the quantum ki-
netic redistribution is found to be greatly assisted by the
phonon scattering, which leads to an increased broaden-
ing, especially on the low-energy side. Together, both
scattering mechanisms provide an efficient pathway for
the conversion of optically dark excitons to bright states.
Despite the clear influence of phonons on the exciton
occupation, the phonon influence on exciton spin-transfer
rates for the case of resonantly excited excitons is found
to be completely negligible over a wide range of tempera-
tures and doping fractions when the exchange interaction
between excitons and impurities is treated on a quantum
kinetic level. If the exchange interaction is treated as
a purely Markovian process without any memory, LA
phonons do, in fact, increasingly inhibit the spin transfer
at elevated temperatures since they only cause spin con-
serving scattering and therefore provide a competition to
spin-flip interactions.
Compared to a resonant excitation scheme, hot ex-
citons show a significantly longer spin lifetime, making
them promising for the protection of information stored
in the spin degree of freedom. This long spin lifetime is
related to the decrease of the exciton form factor with in-
creasing exciton kinetic energy, thus causing significantly
smaller spin-transfer rates. For these situations, quan-
tum kinetic effects are strongly reduced so a Markovian
treatment of the spin transfer can be justified. Finally,
phonons cause an increase of the spin-transfer rate for hot
excitons in both considered theoretical models, albeit on
a rather small scale.
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Appendix A: Quantum kinetic equations of motion
for the exciton ground state
In Ref. 7, a quantum kinetic description of the exci-
ton spin dynamics without phonon scattering has been
derived in the form of coupled equations for excitonic
variables. Focusing on the exciton ground state and per-
forming an average over angles in reciprocal space, the
necessary variables are the exciton density nK1 , the lth
exciton spin component slK1 , and the coherences y
↑/↓ for
the different spin states. The correlations of excitons
with magnetic impurities are explicitly taken into ac-
count via the variables Q αK2ηlK1 , nonmagnetic correlations
are given by Z αK2η K1 . Similarly, correlations between the
coherences and impurities are denoted by q
↑/↓
ηlK1
and z
↑/↓
ηK1
for the magnetic and nonmagnetic interactions, respec-
tively. The notation is chosen such that l ∈ {1, 2, 3},
α ∈ {0, 1, 2, 3}, and η ∈ {ηe, ηh}. Explicit expressions
regarding the definition of the all the above variables can
be found in Ref. 6.
On a more technical level, we note that obtaining the
equations of motion includes the assumption of a system
which is homogeneous on average, so the positions of im-
purities no longer appear explicitly in the variables. Nev-
ertheless, as discussed in detail in Ref. 35, our model still
accounts for the transfer of occupations between states
with different center-of-mass momenta. The reason for
this is that, instead of performing the averaging proce-
dure on the level of the Hamiltonian and thereby artifi-
cially enforcing momentum conservation, we only carry
out the averaging over impurity positions on the level of
the equations of motion. The fact that our theory does
indeed allow a change of exciton momenta can be directly
seen from Fig. 1, where the kinetic energy (and, thus, the
momenta) of excitons remains finite even at long times.
Regarding the variables of our model, momentum non-
conservation during scattering processes with impurities
is accounted for by the magnetic and nonmagnetic cor-
relations.
If the coupling to LA phonons is treated on the Marko-
vian level and cross terms between different interactions
are disregarded, the quantum kinetic equations of mo-
tion become modified but no new dynamical variables
have to be introduced. The modified equations including
the phonon scattering read
∂
∂t
nK1 =
2
~
E ·MIm[y↑φ1s]δK1,0 − JsdNMn~V 2 ∑
lK
2Im
[
Q lK1−ηhlK
]
+
JpdNMn
~V 2
∑
K
Im
[
Q 0K1ηezK
]
− J
e
0NMn
~V 2
∑
K
2Im
[
Z 0K1−ηh K
]− Jh0NMn
~V 2
∑
K
2Im
[
Z 0K1ηe K
]
+
∑
K
ΛK1K1s1s
[
Θ
(
ωK − ωK1 − ωphK−K1
)(
nK
(
1 + nph(ωK − ωK1)
)− nK1nph(ωK − ωK1))
+ Θ
(
ωK1 − ωK − ωphK1−K
)(
nKn
ph(ωK1 − ωK)− nK1
(
1 + nph(ωK1 − ωK)
))]
, (A1a)
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∂
∂t
slK1 =
1
~
E ·M
(
Im
[
y↑φ1s
]
δK1,0δl,z + Im
[
y↓φ1s
]
δK1,0δl,x − Re
[
y↓φ1s
]
δK1,0δl,y
)
+
JsdNMn
~V 2
∑
K
(∑
jk
jklRe
[
Q kK1−ηhjK
]− 1
2
Im
[
Q 0K1−ηhlK
])
+
JpdNMn
~V 2
∑
K
Im
[
Q lK1ηezK
]
− J
e
0NMn
~V 2
∑
K
2Im
[
Z lK1−ηh K
]− Jh0NMn
~V 2
∑
K
2Im
[
Z lK1ηe K
]
+
∑
K
ΛK1K1s1s
[
Θ
(
ωK − ωK1 − ωphK−K1
)(
slK
(
1 + nph(ωK − ωK1)
)− slK1nph(ωK − ωK1))
+ Θ
(
ωK1 − ωK − ωphK1−K
)(
slKn
ph(ωK1 − ωK)− slK1
(
1 + nph(ωK1 − ωK)
))]
, (A1b)
∂
∂t
y↑/↓ =
i
~
E ·Mφ1sδ↑/↓,↑ − i
(
ω0 +
(Je0 + J
h
0 )NMn
~V
)
y↑/↓ − iJsdNMn
2~V 2
∑
K
(
± q ↑/↓−ηhzK + q
↓/↑
−ηh∓K
)
+ i
JpdNMn
2~V 2
∑
K
q
↑/↓
ηezK
− iJ
e
0NMn
~V 2
∑
K
z
↑/↓
−ηhK − i
Jh0NMn
~V 2
∑
K
z
↑/↓
ηeK
−
∑
K
Λ0K1s1sΘ
(
ωK − ωphK
)
nph(ωK)y
↑/↓, (A1c)
∂
∂t
q
↑/↓
ηlK1
=− i
(
ωK1 +
I(Je0 + J
h
0 )NMn
~V
)
q
↑/↓
ηlK1
− i IJsd
2~
F−ηh0K1η 1s1s
(
± 〈SlSz〉y↑/↓ + 〈SlS∓〉y↓/↑
)
+ i
IJpd
2~
〈SlSz〉F ηe0K1η 1s1sy↑/↓, (A1d)
∂
∂t
z
↑/↓
ηK1
=− i
(
ωK1 +
I(Je0 + J
h
0 )NMn
~V
)
z
↑/↓
ηK1
− i I
~
(
Je0F
−ηh0K1
η 1s1s + J
h
0F
ηe0K1
η 1s1s
)
y↑/↓, (A1e)
∂
∂t
Q 0K2ηlK1 =− i
(
ωK2 − ωK1
)
Q 0K2ηlK1 +
∑
jk
jklω
j
MnQ
0K2
ηkK1
+
i
2~
E ·M
((
q ↑ηlK1φ1s
)∗
δK2,0 − q ↑ηlK2φ1sδK1,0
)
+ i
IJsd
~
F−ηhK1K2η 1s1s
∑
j
(
〈SjSl〉sjK2 − 〈SlSj〉s
j
K1
)
− i IJpd
~
F ηeK1K2η 1s1s
1
2
(
〈SzSl〉nK2 − 〈SlSz〉nK1
)
, (A1f)
∂
∂t
Q mK2ηlK1 =− i
(
ωK2 − ωK1
)
Q mK2ηlK1
+
i
2~
E ·M
[((
q ↑ηlK1φ1s
)∗
δK2,0−q ↑ηlK2φ1sδK1,0
)
δm,z +
((
q ↓ηlK1φ1s
)∗
δK2,0−q ↓ηlK2φ1sδK1,0
)
δm,x
+ i
((
q ↓ηlK1φ1s
)∗
δK2,0+q
↓
ηlK2
φ1sδK1,0
)
δm,y
]
− i IJpd
~
F ηeK1K2η 1s1s
1
2
(
〈SzSl〉smK2−〈SlSz〉smK1
)
+ i
IJsd
2~
F−ηhK1K2η 1s1s
∑
j
(
〈SjSl〉(1
2
δj,mnK2 − i
∑
k
jkms
k
K2
)− 〈SlSj〉(1
2
δj,mnK1 + i
∑
k
jkms
k
K1
))
,
(A1g)
∂
∂t
Z 0K2η K1 =− i
(
ωK2 − ωK1
)
Z 0K2η K1 +
i
2~
E ·M
((
z ↑ηK1φ1s
)∗
δK2,0 − z ↑ηK2φ1sδK1,0
)
+ i
I
~
(
Je0F
−ηhK1K2
η 1s1s + J
h
0F
ηeK1K2
η 1s1s
)(
nK2 − nK1
)
, (A1h)
∂
∂t
Z lK2η K1 =− i
(
ωK2 − ωK1
)
Z lK2η K1 +
i
2~
E ·M
[((
z ↑ηK1φ1s
)∗
δK2,0 − z ↑ηK2φ1sδK1,0
)
δl,z
+
((
z ↓ηK1φ1s
)∗
δK2,0 − z ↓ηK2φ1sδK1,0
)
δl,x + i
((
z ↓ηK1φ1s
)∗
δK2,0 + z
↓
ηK2
φ1sδK1,0
)
δl,y
]
+ i
I
~
(
Je0F
−ηhK1K2
η 1s1s + J
h
0F
ηeK1K2
η 1s1s
)(
slK2 − slK1
)
, (A1i)
where φ1s := R1s(r = 0) is the radial part of the 1s exciton wave function evaluated at r = 0. The factor
12
I = 3/2 stems from the projection onto the quantum
well and the exciton form factors are given by
F η2ω1ω2η11s1s = 2pi
∫ 2pi
0
dψ
∫ ∞
0
dr
∫ ∞
0
dr′ rr′R21s(r)R
2
1s(r
′)
× J0
(
η1K12(ψ)r
)
J0
(
η2K12(ψ)r
′) (A2)
with the cylindrical Bessel function of order zero J0(x)
and K12 = |K1 − K2| with angle between K1 and K2
given by ψ.
Appendix B: Markovian equations of motion for the
exciton ground state
When the magnetic and nonmagnetic scattering of ex-
citons with impurities as well as the optical excitation
are treated as a Markovian processes, one obtains the
following equations of motion for the spin-up and spin-
down exciton densities, respectively6,7:
∂
∂t
n↑/↓ω1 = Γω1 +
35INMnMJ
2
sd
12~3V d
F ηhω1ω1ηh1s1s (n
↓/↑
ω1 − n↑/↓ω1 )
+
∫ ∞
0
D(ω)Λω1ω1s1s
[
Θ
(
ω − ω1 − ωphω−ω1
)(
n↑/↓ω
(
1 + nph(ω − ω1)
)− n↑/↓ω1 nph(ω − ω1))
+ Θ
(
ω1 − ω − ωphω1−ω
)(
n↑/↓ω n
ph(ω1 − ω)− n↑/↓ω1
(
1 + nph(ω1 − ω)
))]
. (B1)
The equations are formulated in frequency space with
the constant density of states D(ω) = VM2pi~d to achieve a
better numerical evaluation of the delta functions. The
frequency is connected to the exciton wave number via
ω = ~K
2
2M . Furthermore,
Γω1(t) =
1
~2
E(t)E0|M↑/↓|2φ21s
∫ t
−∞
dτe−
τ2
2σ2 δω1,0 (B2)
is the optical generation rate of excitons with σ related to
the time tFWHM at full-width half-maximum of the pulse
via σ = tFWHM
2
√
2 log 2
. Note that |M↑/↓|2 still contains spin
selection rules. From the spin-up and spin-down exciton
density, the z component of the spin can be extracted via
szω =
1
2 (n
↑
ω − n↓ω).
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